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Abstract
We examine the dynamics of a neutral particle around a Kerr-Newman black hole, and in par-
ticular focus on the effects of the charge of the spinning black hole on the motion of the particle.
We first consider the innermost stable circular orbits (ISCO) on the equatorial plane. It is found
that the presence of the charge of the black hole leads to the effective potential of the particle
with stronger repulsive effects as compared with the Kerr black hole. As a result, the radius of
ISCO decreases as charge Q of the black hole increases for a fixed value of black hole’s angular
momentum a. We then consider a kick on the particle from its initial orbit out of the equatorial
motion. The perturbed motion of the particle will eventually be bounded, or unbounded so that it
escapes to spatial infinity. Even more, the particle will likely be captured by the black hole. Thus
we analytically and numerically determine the parameter regions of the corresponding motions, in
terms of the initial radius of the orbital motion and the strength of the kick. The comparison will
be made with the motion of a neutral particle in the Kerr black hole.
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I. INTRODUCTION
The phenomena of accretion disks and jets formation will be the hallmark in observing
the black hole [1, 2]. The energetic jets are created by the matter in accretion disks, and
are powered perhaps from dynamic interactions within accretion disks or from processes as-
sociated with black holes. Relativistic jet formation may also explain observed gamma-ray
bursts. Nevertheless, the matter particles in the surrounding of the black hole are signifi-
cantly influenced by the gravitational pull. The investigation of the motion of particles near
the black hole certainly is of great importance not only to explore the spacetime structure
of the black hole, but also to find the appropriate mechanism for the formation of accretion
disks and jets. In addition to the geodesic motion of test particles in ordinary general rela-
tivity, the interest of the subject has also gained attention in the field of higher dimensional
gravity theories, more specifically in connection to braneworld models [3–5].
The dynamics of particles orbiting around the black hole has been extensively studied for
Schwarzschild and Kerr black holes [1, 2, 6]. The exploration of the circular motion of the
particle is also extended to Reissner-Nordstro¨m black holes [7, 8]. Recently, observational
evidence for a correlation between jet power and black hole spin has been discovered [9]. This
finding is consistent with numerical simulations, showing that powerful jets are generated
by extracting energy from a spinning black hole together with the surrounding magnetic
field [10]. These discoveries certainly motivated more investigations on the evolution of
particles in weakly magnetized black holes. For example, in the presence of weak magnetic
field, the motion of a charged particle near a Schwarzschild black hole is analyzed in [11–
13], while around a Kerr black hole the charged particle can undergo chaotic motion [14–
18]. Nevertheless, the Kerr-Newman metric represents a generalization of the Kerr metric,
and describes spacetime in the exterior of a rotating charged black hole where, apart from
gravitation fields, both electric and magnetic fields exist intrinsically from the black hole.
Although one might not expect that astrophysical black holes have a large residue electric
charge, some accretion scenarios were proposed to investigate the possibility of the spinning
charged back holes [19]. Thus, it is still of great interest to extend the previous studies to a
Kerr-Newman black hole. The geodesic motion of a test particle in the Kerr-Newman space-
time have been investigated. In particular, in [20], a detailed analysis of the orbital circular
motion of electrically neutral test particles on the equatorial plane of the Kerr-Newman
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spacetime in the cases of black hole and naked singularity sources was presented. The types
of geodesic motion also include spherical and nonspherical orbits of test charges [21], and
possible capture of particles from plunge orbits by a black hole [22] (Also see [23] and refer-
ences therein). The general features of the radial motion, and the motion of charge particles
along the axis of symmetry and in the equatorial plane, or the special case of free-infalling
particles were discussed in [24–26]. One way to explore the interplay between gravitational
and electromagnetic fields of a Kerr-Newman black hole is to consider off-equatorial orbits of
a charged particle near the black hole [27]. It is found that the stable off-equatorial orbits do
not exist above the outer horizon of the black hole. The analytical solutions of the geodesic
equations in the black hole spacetime were also found respectively in the Schwarzschild [28],
Reissner-Nordstro¨m [29], and Kerr-Newman [30] black holes. In particular, the paper [30]
provided a comprehensive classification of the orbits in radial and colatitudinal directions
for a large variety of orbit configurations of the charge particle in a Kerr-Newman black
hole. Additionally, the analytical solutions of geodesic motion for all types of orbits were
presented in terms of elliptic functions dependent on the so-called Mino time [31]. According
to these studies we can examine how the effects from electromagnetic fields intrinsically from
the black hole affect the dynamics of the surrounding particles.
In this work, we will focus on the dynamics of a neutral particle orbiting around a Kerr-
Newman black hole, mainly following the strategy developed by [14]. Most of results in [14]
for a Kerr black hole will be generalized to a spinning charged black hole. The effects of
electromagnetic fields associated with the Kerr-Newman black hole on a neutral particle are
solely through the gravitational influence. Here we first consider the so-called innermost
stable circular orbits (ISCO) of the particle on the equatorial plane (θ = pi/2). We explore,
in particular, the effects of the black hole charge on the radius of ISCO via the appropriate
effective potentials [20]. Afterwards, the particle, initially moving around some particular
orbit, is perturbed by a kick along the θ direction. In this situation of possible astrophysical
relevance, the kick could be given by another particles and/or photons. Then, the initial
radius of the orbit and an amount of the kick form a two-dimensional parameter space.
We provide an analytical analysis in the same fashion as [13] to identify the regions in the
parameter space, that corresponds to the different asymptotic behaviors of the particle.
Although these trajectories can be described by means of the analytical solutions in the
Mino time [30], here we would like to explore them in the proper time instead. The nontrivial
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transformation between the Mino time and the proper time may suggest us to study the
associated equations of motion directly in the proper time. Also in [30], in spite of the fact
that all possible trajectories were discussed, however in this work, we mainly focus on the
above-mentioned situation in more details. The effects of the charge of a spinning black hole
on the final states of the kicked particle can be understood analytically later by studying the
appropriate effective potential [13]. Finally, these analytical results will be reexamined by
solving numerically the dynamical equations of the particle in the Kerr-Newman background
with the corresponding initial conditions directly in the proper time. Same trajectories are
believed to obtain as compared with the analytical solutions after the transformation from
the Mino time to the proper time is carried out.
II. CIRCULAR MOTION OF A NEUTRAL PARTICLE AROUND KERR-
NEWMAN BLACK HOLE
The spacetime outside a black hole with the gravitational mass M , charge Q, and angular
momentum per unit mass a = J/M is described by Kerr-Newman metric:
ds2 = gµνdx
µdxν
= −
(
∆− a2 sin2 θ)
Σ
dt2 +
a sin2 θ (Q2 − 2Mr)
Σ
(dtdφ+ dφdt)
+
Σ
∆
dr2 + Σ dθ2 +
sin2 θ
Σ
(
(r2 + a2)2 − a2∆ sin2 θ) dφ2 , (1)
where
Σ = r2 + a2 cos2 θ , ∆ = r2 + a2 +Q2 − 2Mr . (2)
The event horizon RH can be found by solving ∆(r) = 0, and is given by
RH = M +
√
M2 − (Q2 + a2) (3)
with M2 > Q2 + a2. Now we consider a test neutral particle with mass m moves in such a
spacetime. Its Lagrangian is simply given by
L = −m√−gµν uµuν , (4)
where uµ ≡ dxµ/dτ is the four-velocity, and τ is proper time. Because the metric of Kerr-
Newman black hoke has no explicit t and φ dependence, they are cyclic coordinates in the
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Lagrangian. The respective Killing vectors, ξµ(t) and ξ
µ
(φ), are given by
ξµ(t) = δ
µ
t , ξ
µ
(φ) = δ
µ
φ . (5)
Then, the associated conserved quantities, namely energy and azimuthal angular momentum
per unit mass, along a geodesic, can be constructed by the above Killing vectors as well as
the four-momentum pµ = muµ of the particle:
ε = −pµ ξµ(t)/m , ` = pµ ξµ(φ)/m . (6)
Additionally, there exists a third constant of motion (the Carter constant), defined by [13]
κ = uµuνK
µν − (`− aε)2 , (7)
where
Kµν = ∆[kµqν − kνqµ] + r2gµν ,
qµ =
1
∆
[(r2 + a2)δµt + ∆δ
µ
r + aδ
µ
φ ] ,
kµ =
1
∆
[(r2 + a2)δµt −∆δµr + aδµφ ] . (8)
Using these three constants of motion and the normalization condition uµu
µ = −1, we are
able to write down the equations of motion for the components of uµ in terms of ε, `, κ:
t˙ = ε− (Q
2 − 2Mr) ((a2 + r2)ε− a`)
∆ Σ
, (9)
φ˙ =
`
Σ sin2 θ
− a ((Q
2 − 2Mr)ε+ a`)
∆ Σ
, (10)
Σ2r˙2 = [(r2 + a2)ε− a`]2 −∆[r2 + κ+ (`− aε)2] , (11)
Σ2θ˙2 = κ+ (`− aε)2 − a2 cos2 θ −
(
aε sin θ − `
sin θ
)2
. (12)
The over dot means the derivative with respect to the proper time τ .
We restrict the particle to move on the equatorial plane of the black hole by choosing
θ = pi/2, and θ˙ = 0 so that κ = 0 from (12). The equation of the motion along the radial
direction in (11) thus becomes
Σ2r˙2 = r4ε2 + 2a`ε(Q2 − 2Mr) + a2(ε2(r2 + 2Mr −Q2)− r2)− (∆− a2)(r2 + `2) . (13)
The equation (13) allows us to define the effective potential Veff by requiring
1
2
r˙2 + Veff(r, α) =
ε2 − 1
2
, (14)
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where α denotes a collection of the parameters of the Kerr-Newman black hole and the test
neutral particle, namely α = (M,Q, a, ε, `)
Veff(r, α) = −M
r
+
`2 + (1− ε2)a2 +Q2
2r2
− M(`− aε)
2
r3
+
Q2(`− aε)2
r4
. (15)
In the limits of Q = 0 and Q = 0, a = 0, the effective potential reduces to the ones for the
Kerr and Schwarzschild black holes respectively [1, 2]. There are several distinct classes of
motion, depending on whether the black hole spin and azimuthal angular momentum of the
particle are aligned `a > 0 or oppositely aligned `a < 0. Without losing generality, we keep `
positive and choose a to be either positive or negative. In the Kerr-Newman black hole, the
effective potential has the Q2 dependence, and thus the sign of Q will not be relevant. Thus
we choose Q > 0 in the present work. The non-zero charge of the black hole seems to give
repulsive effects to the particle as seen from its contributions to the centrifugal potential of
the 1/r2 term as well as the relativistic correction of the 1/r4 term. These repulsive effects
will shift the radius of the stable circular motion toward the black hole, as will be shown
later. Also, the value of the ε certainly determines whether or not the particle has chance
to escape from the black hole to spatial infinity.
To determine the circular motion, one may define R(r) by the right hand side of the
equation (13),
R(r) = r4ε2 +2a`ε(Q2−2Mr)+a2(ε2(r2 +2Mr−Q2)−r2)−(r2 +Q2−2Mr)(r2 +`2) . (16)
Thus its zero tells us the radius, say ro, at which the velocity along the r direction vanishes.
The existence of the circular orbits requires that the first derivative of R with respect to r at
r = ro vanishes. This means zero-acceleration along the r direction. Moreover the condition
R′′(ro) ≥ 0 guarantees that circular motion is stable. The first two conditions give:
r4ε2 + 2a`ε(Q2− 2Mr) + a2(ε2(r2 + 2Mr−Q2)− r2)− (r2 +Q2− 2Mr)(r2 + `2) = 0 , (17)
r[(3Mr −Q2) + 2r2(ε2 − 1)] + `((M − r)`− 2aMε) + a2(Mε2 + r(ε2 − 1)) = 0 , (18)
from which, εo and `o for this circular orbit with a given radius ro are determined straight-
forwardly as
εo =
a
√
Mro −Q2 + (Q2 + r2o − 2Mro)
ro
√
2Q2 + r2o − 3Mro + 2a(Mro −Q2)1/2
, (19)
`o =
a(Q2 − 2Mro) + (a2 + r2o)
√
Mro −Q2
ro
√
2Q2 + r2o − 3Mro + 2a(Mro −Q2)1/2
. (20)
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FIG. 1: The dependence of the radius rISCO on black hole’s angular momentum per unit mass a
and charge per unit mass Q .
That is, we must choose εo and `o given the equations above in order for a neutral particle
to take a circular orbit of radius ro around the Kerr-Newman black hole. Apparently, ro
can not be arbitrarily small. When the radius ro is smaller than the so-called the radius of
the inner most stable circular orbit, rISCO given by R
′′(ro) = 0, the circular motion becomes
unstable [5, 20]. Thus rISCO satisfies
(6 r2ISCO + a
2)(ε2o − 1) + 6MrISCO − `2o −Q2 = 0 . (21)
Substituting the expressions (19) and (20) into (21) we arrive at the following polynomial
equation for the radius of the circular orbits, also obtained in [3],
MrISCO(6MrISCO − r2ISCO − 9Q2 + 3a2) + 4Q2(Q2 − a2)− 8a(MrISCO −Q2)3/2 = 0 . (22)
In Fig. 1 we plot the behavior of rISCO for various combinations of parameters a and Q.
For a given Q, in the case of a > 0 the radius of the ISCO decreases with the increase of a
whereas the radius for a < 0 increases when the absolute value of a increases. In particular,
we highlight the following three cases for the neutral black hole, Q = 0. (A) if the black hole
does not rotate, i.e., Schwarzschild black hole (a = 0), we have rISCO = 6M , while (B) in
extreme limit a = 1, we find rISCO = 1M when the particle rotates in the same orientation
as the Kerr black hole, but (C) rISCO = 9M in the opposite orientation. For a nonzero Q,
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the ISCO radius generally is smaller than in the Q = 0 case for a given a. This results from
the fact that the charge of the black hole seems to give more repulsive effects on the particle
as compared with the Q = 0 case, as seen in the effective potential (15). In comparison with
(A), when Q = M,a = 0, the ISCO radius is rISCO = 1M . All circular motion corresponds
to its energy ε < 1 [20]. In the next section, we will explore the case that the particle, which
initially orbits on the equatorial plane, experiences an impulse force in the direction normal
to the plane.
III. FINAL STATES OF THE PARTICLE KICKED OFF FROMAN INITIAL CIR-
CULAR MOTION
In general, the coupled equations of motion for a neutral particle moving around a Kerr-
Newman black hole are to complicated to solve in the proper time. In order to make analytic
investigation possible, we consider a special case that the particle is knocked out of its original
circular motion on the equatorial plane by an impulse force along the θ direction. Thus the
circular motion of the particle and the influence of the kick can be effectively summarized
by the four-velocity at the moment when the force acts on the particle,
ui ν = (−ε, 0, r2o θ˙k, `o) . (23)
The radius ro and the strength of the kick, θ˙k are two initial parameters, from which the
evolution of the particle follows. Later, we will provide a complete analysis to determine
the type of the final states for various choices of ro and θ˙k. Since the kick is along the θ
direction, the particle’s azimuthal angular momentum remains the same value as `o in (20).
The energy ε on the other hand will be modified after a kick and the normalization condition
for the ui ν gives
ε =
`oa(2Mro −Q2) + ro∆1/2o
√
(r4o + a
2(r2o + 2Mro −Q2))(1 + r2o θ˙2k) + r2o`2o
r4o + a
2(r2o + 2Mro −Q2)
, (24)
where, ∆o ≡ ∆(ro). The form of ε is chosen so that the four-velocity is future-directed. In
addition, the Carter constant reduces to
κ = r4o θ˙
2
k (25)
in (12).
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The effective potential defined in (15) depends on both the azimuthal angular momentum
` and the energy ε. So, the analysis of the particle’s dynamics proceeds by rewriting (13)
as
Σ2r˙2 = (r4 + a2(r2 + 2Mr −Q2))(ε− V+)(ε− V−) (26)
where
V±(r) =
`a(2Mr −Q2)±∆1/2√a2(κ+ r2)(r2 + 2Mr −Q2) + r4(κ+ r2 + `2)
r4 + a2(r2 + 2Mr −Q2) . (27)
The acceleration r¨(r) can be obtained by taking the proper time derivative of (26), and we
find
r¨(r) = −r
4 + a2(r2 + 2Mr −Q2)
2r4
(ε− V−(r))V ′+(r) . (28)
Eq. (28) shows that when ε > V−(ro), r¨(ro) ∝ −V ′+(ro), where ro is the initial radius of the
orbital motion. Thus, V+(r) is more relevant for the dynamics of the particle. Apparently,
whether the particle potentially moves toward the spatial infinity or is captured by the black
hole crucially depends on the sign of r¨(ro). The curve of the critical θ˙ that separates the
two cases in the parameter space is determined by
V ′+(ro, θ˙c) = 0 . (29)
The behavior is illustrated in Fig. 2 for a critical kick of θ˙c. The region to the left of the
critical curve corresponds to r¨ < 0 while the other side corresponds to r¨ > 0. The critical
kick of |θ˙c| starts from zero at ro = rI and approaches to infinity as ro approaches rF . For
a given a and Q, rI and rF satisfy
a
√
MrI −Q2
[
r2I (2Q
2 + rI(2rI − 3M)) + a2(Q2 + rI(2rI −M))
]
+r4(a2 + 2Q2 + rI(rI − 3M)) + a4(Mr −Q2) = 0 , (30)
a2(rF +M) + rF (2Q
2 + rF (rF − 3M)) = 0 . (31)
Thus, the values of rI and rF decrease as the value of Q (and/or a) increases as shown in
Fig. 3, and they coincide when a = 0 for any possible Q, also seen in the figure. These are
the generalization of the findings in [14] to the Kerr-Newman black hole. In Fig. 3, the
rISCO is also shown for various choices of a and Q. With an initial ro > rISCO and a given
value of θ˙k of a kick, one can determine the possible sign of r¨ from Fig. 2. Nevertheless, for
rlc < ro < rISCO where R
′′(ro) < 0, the particle can be initially in unstable circular motion.
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FIG. 2: The solid curve of θc that corresponds to V
′
+(ro, θ˙c) = 0 is plotted with respect to ro for
a = 0.96M and Q = 0.2M . |θ˙c| starts from zero at ro = rI = 1.82M and approaches to infinity as
ro approaches rF = 2.43M . The red dashed curve describes |θ˙ε=1| when the energy of a particle is
ε = 1.
The radius of the last circular orbit rlc, at which both εo in (19) and `o in (20) become
infinity, is found by
2a(Mrlc −Q2)1/2 + 2Q2 + rlc(rlc − 3M) = 0 (32)
and is shown in Fig. 2 for comparison. When r¨ > 0, the particle may escape to spatial
infinity or be bounded, depending on whether its energy ε is greater than one or not. On
the other hand, for r¨ < 0, the particle is mainly captured by the black hole. Thus, we will
consider these cases separately below. As for negative value of a for the counter-rotation
motion for the particle around a Kerr-Newman black hole, since V±(−a) = −V∓(a) in (27),
the same strategy for a > 0 case can be straightforwardly applied [4].
In the regime of the parameters (θ˙k, ro) with r¨ > 0, the important criterion to determine
whether the particle will escape to spatial infinity or stay in the bounded motion is set by
the condition ε = 1 in (24). The corresponding value of the kick θ˙=1 is obtained by
|θ˙ε=1| =
[
(Q2 − 2Mro)(a2 + r2o − 2a`o) + (∆o − a2)`2o
r4∆
]1/2
, (33)
and shown in Fig. 2. Inside regime (I) in Fig. 2, since the impulse force is adequately
strong or the orbital radius is sufficiently large, the particle then has large enough energy
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FIG. 3: The dependence of rI and rF on a and Q is shown. Also, rlc and rISCO are displayed as
the function of a and Q for comparison. When ro > rISCO, the stable initial circular motion exists,
and when rlc < ro <ISCO, the unstable circular motion is possible.
to escape from the black hole to spatial infinity. This behavior can also be understood
from the potential energy V+ in Fig. 4a (regime (I)). However, in the regime (II) ε < 1,
the corresponding energy potential shows that the particle still get trapped around the
local minimum of the effective potential (Fig. 4b), and remains the bounded motion with
slightly larger radius as compared with the initial radius [4]. On the contrary, for (θ˙k, ro)
corresponding to an initial circular motion in the regime (III), the particle with r¨ < 0 will
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FIG. 4: Illustrations of V+(r) for a particle in the black hole geometry of a = 0.96M and Q = 0.2M
before (dashed red line) and after (solid blue line) a kick with the initial parameters in the regime
(I) (a): ro = 2.6M, θ˙k = 0.5/M ; r¨ > 0, ε > 1, (II) (b): ro = 2.1M, θ˙k = 0.3/M ; r¨ > 0, ε < 1, and
(III) (c): ro = 1.9M, θ˙k = 0.7/M ; r¨ < 0. The black dots on the dashed red line and the solid blue
line indicate the respective position of the test particle before and right after the kicks.
move toward the black hole, and finally gets captured. This evolution is also seen by the
potential energy (Fig. 4c) in the regime (III). All these behaviors will be finally justified by
numerically solving the equations of motion of the particle.
IV. TRAJECTORIES OF THE PARTICLE FROM SOLVING ITS DYNAMICAL
EQUATIONS IN THE KERR-NEWMAN BLACK HOLE
The dynamics of a neutral particle of mass m in curved spacetime is governed by the
geodesic equation
muν∇νuµ = 0 . (34)
In the Kerr-Newman black hole geometry, the equations of motion of the particle for the
radial and polar components are
r¨ = (∆rθ˙2 + a2 sin 2θ r˙ θ˙)/Σ +
[
XY (aZ sin2 θ − Y
4
) +GZ2 sin4 θ
]
/∆Σ5 , (35)
θ¨ = (a2 sin2 θ(∆θ˙ − r˙2)− 4∆rr˙θ˙)/2Σ∆ + [JY +HZ2 cos θ sin5 θ + a2 sin 2θY 2
8
(Q2 + 2Mr)
]
/∆Σ5
(36)
accompanied with two conserved quantities, ε (24) and `o (20), to be determined by the
initial radius of the orbit ro and a kick θk. Here X, Y, Z, P,G, J,H are shorthand notations
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for
X = r(Q2 +Mr)− a2M cos2 θ ,
Y = 2a`(Q2 − 2Mr) + a4ε+ 2r4ε+ a2ε(2Mr + 3r2 −Q2) + a2∆ε cos 2θ ,
Z = a(a`+ ε(Q2 − 2Mr))− `∆/ sin2 θ ,
P = r(a2 +Q2 −Mr) + a2(M − r) cos2 θ ,
G = a4(M − r) cos2 θ + r(a2(a2 +Q2 −Mr) + 2a2)(a2 + r2) cos2 θ/ sin2 θ + (r4 − a4)/ sin2 θ) ,
J = 16a(a2 + r2)(Q2 − 2Mr) cos θ/ sin θ
× (2`(∆− a2) + a2`− aε(Q2 − 2Mr) + a cos(2θ)(a`+ ε(Q2 − 2Mr))) ,
H = −a4∆ + r2(a2 + r2)2/ sin4 θ + a2(a4 − r2(−4Mr + 2Q2 + r2))/ sin2 θ
+(a2(a2 + r2)2/ sin2 θ − 2a4∆) cos2 θ/ sin2 θ . (37)
We then solve (35) and (36) numerically for a neutral particle around the black hole (a/M =
0.9, Q/M = 0.2) directly in the proper time. For the parameters in the regime I, with r¨ > 0
and the energy ε > 1, the effective potential Fig. 4a shows that the particle of sufficiently
large energy can escape to spatial infinity with a trajectory in Fig. 5a. As for the parameters
in the regime II, since the kick does not give the particle sufficient energy (ε < 1, r¨ > 0),
the particle remains the bounded motion as seen from the effective potential in Fig.4b with
a trajectory in Fig. 5b. However, in the regime of the parameters III, the corresponding
effective potential is shown in Fig. 4c with acceleration toward the black hole. Thus, the
particle finally falls into the black hole in a trajectory in Fig. 5c.
An extensive numerical study is employed with the method of basin of attraction. The
idea of basin of attraction is to identify the sets of initial values, from which the dynamical
system tends to asymptotically evolve into an attractor. As to astrophysical observations
of interest, we will restrict the initial conditions with the energy ε > 1, so that the particle
may either get captured by the black hole, or escape to spatial infinity.
The plot of basin of attraction for the black hole Q/M = 0.1 and a/M = 0.9 is shown
in Fig. 6 with the initial radius of the orbit motion and the energy after a kick in the
regions rlc = 1.54M < ro < 7M , and 1 < ε < 1.24. Notice that the radius of the inner
most stable circular motion, the last circular motion (32), and the black hole horizon are
rISCO = 2.29M , rlc = 1.54M , and rH = 1.42M for reference. The maxima integration time
is about τ = 104M . The particle is captured by the black hole with initial conditions lying
13
FIG. 5: Demonstrations of trajectories for a particle in the black hole geometry of a = 0.96M and
Q = 0.2M with the same parameters as in (4) in the regime (I) (a): ro = 2.6M, θ˙k = 0.5/M ;
r¨ > 0, ε > 1, (II) (b): ro = 2.1M, θ˙k = 0.3/M ; r¨ > 0, ε < 1, and (III) (c): ro = 1.9M, θ˙k = 0.7/M
; r¨ < 0. The black region represents interior of the horizon, and the circle (red) means the initial
orbit of the particle.
FIG. 6: The basin of attraction plot for a neutral particle when Q/M = 0.1 and a/M = 0.9. rI
and rF are shown as well. See the text for detailed descriptions on the shaded (blank) zones in
parameter space (ro, ε).
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FIG. 7: The basin of attraction plot for a neutral particle in parameter space (ro, ε) as in Fig. (6),
when (a) : Q/M = 0.5, (b) : Q/M = 0.7, (c)Q/M = 0.9 for a fixed a/M = 0.4; and (d) : a/M =
0.6, (e) : a/M = 0.8, (f) : a/M = 0.9, (g) : a/M = −0.9, (h) : a/M = −0.6, (i) : a/M = −0.1 for a
fixed Q/M = 0.43.
in the blank area, and escape to spatial infinity in the grey area. In particular, the direction
of the escape is opposite to (same as) the initial kick with the (ro, ε) in the light(dark) grey
area. The radius of rI = 2.03M and rF = 2.55M in (30) are also plotted. For ε > 1, the
particle will fall into the black hole for ro < rI , and escape to spatial infinity for ro > rF as
seen in the graph. The result of [13] can be reproduced in the Q = 0 case. In Fig. 7a-7c,
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the blank area of (r0, ε) to the capture decreases as the value of Q increases because the
increase of Q will lead to larger repulsive effects to the dynamics of the particle as also seen
in (15). Along the same line of thoughts, the capture region in Fig. 7d-7f increases as a
(a > 0, for co-rotation) decreases or the absolute value of a (a < 0, for counter-rotation)
increases, also seen in Fig. 7g-7i. Moreover, numerical calculation indicates that the basin
boundaries are regular lines, as predicted by the analytical results in (33). They should be
the regular motion with no chaotic behavior. Thus, the chaoticness of the motion might
be seen when the particle under consideration carries a charge with the inclusion of the
magnetic fields [13], which deserves further study.
V. SUMMARY AND OUTLOOK
In summary, the dynamics of a neutral particle around a Kerr-Newman black hole is
studied with emphasis on how the electromagnetic fields intrinsically generated from the
spinning charged black hole influences the particle’s dynamics. We first examine the in-
nermost stable circular orbits on the equatorial plane. It is found that the presence of the
charge of the black hole gives the effective potential of the particle with stronger repulsive
effects as compared with the Kerr back hole. As a result, the radius of ISCO decreases as
the value of Q increases for a fixed angular momentum of the black hole a. We consider
an impulse that kicks the particle which initially moves around an orbit, out of the equa-
torial plane. After a kick, the particle may remain the bounded motion, escape to spatial
infinity, or fall into the black hole. We then provide the analytical and numerical studies to
identify the regions in the parameter space which lead to the above respective final states.
In particular, when the particle is captured by the black hole, the corresponding region in
the parameter space decreases as Q increases. Additionally, the boundary of the parameters
(θ˙k, ro) between the capture and runaway regions appears as a regular curve. The chaotic
motion thus may be expectedly seen for the motion of a charged particle in the external
magnetic field [13]. Our work certainly provides the first step toward understanding the
dynamics of the particle moving in the spacetime that has a spinning charged black hole.
In the next step we will consider the motion of the charged particle to explore its chaotic
behavior in the Kerr-Newman black hole with and/or without an external magnetic field.
It would be of great interest to compare with the chaotic phenomena of a charged particle
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in the magnetized Kerr black hole.
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